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Abstract 

In a recent paper it was shown that the properties of Schwarzschild black holes in 8 dimen- 
sions are correctly described up to factors of order unity by Matrix theory compactified on 
T 3 . Here we consider compactifications on tori of general dimension d. Although in general 
little is known about the relevant d + 1 dimensional theories on the dual tori, there are hints 
from their application to near-extreme parallel Dirichlet <i-branes. Using these hints we get 
the correct mass-entropy scaling for Schwarzschild black holes in (11 — d) dimensions. 



September 1997 



1 Permanent address: Physics Department, Stanford University, Stanford, CA 94305. 



1 Introduction 



In a recent paper |]J Schwarzschild black holes in 8 dimensions were studied from the point 
of view of Matrix theory compactified on T 3 . In this particular case enough is known 
about the relevant SYM theory on the dual torus to derive the properties of black holes, 
including the mass-entropy relation and the physical size, up to numerical factors of order 
unity. An important ingredient in this work was the knowledge of the equation of state. 
Certain special features of the 3 + 1 dimensional SYM theory with 16 supercharges, such as 
its conformal invariance, require the equation of state to be of the form, 

E ~ N 2 V d T 4 , S ~ N 2 V d T 3 , (1) 

where Vd is the volume of the dual torus. This equation of state is supported by the form of 
the near-extremal entropy of the self-dual 3-brane found in 0. [J . 

Here we consider generalization of [T|] to compactification of Matrix theory on T d . For 
general d little is known about the relevant large N SYM theory from first principles. How- 
ever, the same theory is supposed to describe N concident Dirichlet rf-branes [0]. Thus, we 
will assume that the equation of state for this theory can be read off from the near-extremal 
entropy of the RR charged classical <i-brane solution that was found in || . Then we will see 
that the same strategy that has worked for the D = 8 Schwarzscild black holes [|lj continues 
to work in other dimensions, and we find the correct scaling of mass vs. entropy. 

Let us review the strategy. Matrix theory is best thought of as the Discretized Light-Cone 
Quantization (DLCQ) of M-theory ||, i.e. compactification on a light-like circle of radius 
R. Accordingly, the longitudinal momentum P = P + is quantized in integer multiples of 
1/R, 

We further compactify d transverse coordinates on a d- dimensional torus. For simplicity, we 
consider this torus to be "square" with equal circumferences given by L. 

The Matrix theory conjecture is that the sector of the theory with given value of N is 
exactly described by U(N) SYM theory in d + 1 dimensions with 16 real supercharges. This 
theory lives on a dual torus with circumferences 0. |8[ 

£ ~ ^- . (3) 
RL V ; 

For physical applications N has to be taken sufficiently large to achieve desired "resolution" 
of a given system, i.e. to capture the important degrees of freedom. In particular, a black 
hole of size R s has to be boosted to sufficient momentum that its longitudinal dimension fits 
within the circle of radius R. In [[lj it was shown that this requires iV to be at least of the 
order of the black hole entropy, N ~ S. This is the regime where we will be working. 

Determination of the mass-entropy relation for the black hole goes as follows. We start 
with the relation between the Matrix theory energy and entropy (the equation of state) for 
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given N, 

E = E(N, S) . (4) 

Next we observe that the Matrix theory hamiltonian is identified with the DLCQ energy 
according to 

E = M1 = M^. (5) 

p_ N K J 

M 2 = ^E(N, S) . (6) 

M 2 ~ ^E(S, S) . (7) 

Note that the Matrix hamiltonian is explicitly proportional to R, so that R cancels in ([?]) 
leaving a relation between mass and entropy. 

In I] it was argued that there is a sector of the 3 + 1 dimensional SYM theory where the 
equation of state (|]) indeed holds down to entropies of order N, where the temperature is 
very low, 

T 1 



Thus, we find 



Choosing N ~ S, we have 



This sector may be thought of as a single 3-brane, each of whose sides is wrapped N 1 ^ 3 times 
over the torus. Using the equation of state (]l|) for d = 3, and applying the above strategy, 
it was found in |] that 

S ~ M 6 / 5 Gl /5 , (9) 
which is correct for D = 8 black holes. 



2 Schwarzschild Black Holes In 

Analysis of Schwarzschild black holes in dimensions D ^ 8 is hampered by the lack of 
understanding of the relevant SYM theory in d + 1 dimensions (d — 11 — D). Nevertheless, 
we can get useful information on its equation of state by studying near-extremal RR charged 
d-branes, as was done in [|J. We will show that, if we use such an equation of state, then the 
mass-entropy relation works out correctly for Matrix theory Schwarzschild black holes in all 
dimensions. We should emphasize that we do not have a first priciples derivation of these 
equations of state and are puzzled by some of their strange features, such as the negative 
specific heat for d > 5. Nevertheless, it is very interesting that the approach to Schwarzschild 
black holes that has worked for D = 8 continues to work in other dimensions. 

First we demonstrate a few examples, and then work out the general formula. For d = 1 
we conjecture the following equation of state, 

S ~ N^YH^g- 1 , E ~ N^ZT'^g- 1 . (10) 
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The scalings with respect to N, S and T are exactly as for near-extremal RR charged strings 
The only other quantity in the SYM theory that can be used to make the formulae 
dimensionally correct is the coupling g, and we have inserted it appropriately The power 
N 3 / 2 seems surprising, but if we follow the usual large N logic and introduce e = gy/N then 
(0) becomes^ 

S ~ A^ETV 1 , E ~ A^ETV 1 , (11) 

consistent with there being 0(N 2 ) degrees of freedom. 

The equation of state (|T0|) is like that of a superconformal theory in 2 + 1 dimensions. 
Thus, we conjecture that the 1 + 1 dimensional large iV SYM theory with 16 supercharges 
develops an extra dimension of size 1/g (obviously, this dimension is macroscopic only for 
weak coupling). The coupling constant is given by |T0| 



" 2 ~ m ■ (12) 

Using (|3|) we find that the dimensionless coupling #E is independent of R. Just as for d = 3 
our strategy is to work with N ~ S. From (0) and (Q) we find 

T ~ ArV^V^ (13) 

Applying the strategy reviewed in the introduction, we find that the R dependence cancels 
out, which means that the equation of state (fL0|) gives results consistent with the boost 
invariance. We arrive at the following mass-entropy relation, 

S ~ M*/ 7 G{i 7 , (14) 

which is indeed correct for D = 10 Schwarzschild black holes. 

It is important to determine the range of validity of the equation of state (0).0 We 
expect (pTDj ) to hold for temperatures no greater than T max . For T > T max the theory should 
become approximately free, with the equation of state, 

S ~ iV 2 £T , E ~ iV 2 £T 2 . (15) 

This equation of state was used in to match the entropy of Dl-branes sufficiently far from 
extremality. Comparing with (1C), we see that the transition temperature is T max ~ iV 1 / 2 *?. 



This is exactly where we expect it to be, since here the large iV dimensionless coupling 
parameter, 

k=^, (16) 

is of order one. For T ^> T max , k< 1 and the theory is close to being free. The temperature 
(O) is far below T max for large N. Thus, we are justified in using (|i~0~D as the equation of 



2 We are grateful to A. Polyakov for a useful discussion on this. 
3 We are grateful to E. Witten for illuminating remarks on this issue. 
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state for S ~ N. For S < N we believe that the equation of state assumes yet another form, 
which can be deduced from the expectation that M 2 computed from is independent of 
N and satisfies (|I4"D. Thus, for S < N we are led to conjecture the equation of state 

E(N, S) ~ -jyS 7 / A g 1 / 2 Y l ~ 1 / 2 . (17) 

Another instructive special case is d = 4. Here we conjecture the following equation of 

state, 

S ~ iV 3 £ 4 TV , E ~ iV 3 £ 4 TV . (18) 

The scalings with respect to N, £ and T are exactly as for near-extremal RR charged 4- 
branes [|J, and we have added a power of the SYM coupling g to make the dimensions 
correct. In terms of the coupling e kept finite in the large N limit, we have 

S ~ iV 2 S 4 T 5 e 2 , £ ~ iV 2 £ 4 T 6 e 2 . (19) 

The fact that in our conjectured equations of state S and E scale as iV 2 for fixed T, E and 
e is true for general dimension d. 

The equation of state (0) is consistent with the idea that the theory develops an extra 
dimension of length g 2 [11], [K|. Thus, it behaves like a superconformal theory in 5 + 1 
dimensions. We believe that flT8|) is valid down to entropies of order N. Using [|Kj 



- m (20) 

and (§|) we find 

T ~ N-^RL^F^ . (21) 
Proceeding in the usual way we arrive at 

S ~ M 5/4 G7 /4 , (22) 

which is correct for D = 7 Schwarzschild black holes. 

Now consider a general case of Matrix theory compactified on T d . For longitudinal 
momentum iV we are dealing with U(N) SYM theory in d+ 1 dimensions. The same theory 
describes iV coincident Dirichlet c?-branes. For large N, we can use the near-extremal RR- 
charged d-brane solution to read off the relation between the entropy and the energy for such 
a theory [f| , 

S ~ \fNE x H d ^^g a , 2X = Jj—J- ( 23 ) 
The power of the gauge coupling is determined by dimensional analysis, 

„=?-°. (24) 
D-A y 1 
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We also need the expression for the coupling jnj . 

;3d-6 p3-d 

9 7^ • (25) 

Now consider this theory for entropy of order iV.Q We find from ( p3|) that 



D-A i L° 



2 

D-2 



£ ~ 1^1 . (26) 



vii , 

Repeating the by now familiar steps, we find 



S ~ Mt^G^- 3 , (27) 

where Gp = Z^/lA Thus, the scaling of the entropy vs. the mass works out correctly for 
4 < D < 11. Note, however, that the equation of state (23) becomes singular for D = 4 
(d=7). 

The cases d = 5 and d = 6 are also special in that they are best described in a mi- 
crocanonical ensemble. For d — 5 the entropy (p3|) is characteristic of dynamical strings 
12|1 . Interpreting the temperature following from (|23|) as the Hagedorn temperature of the 



effective strings, we find that their tension is 

1 

Ng 



Te ff ~ ^772 ■ ( 28 ) 



This is consistent with the strings being instantons of fractional instanton number 1/N. 



For d — 6, fl23|) has the form characteristic of dynamical 3-branes p3| . However, the 
negative specific heat encountered here suggests that compactification of Matrix theory on 
T 6 may involve radically new physics. Indeed, there are other indications for this.[] 
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